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We calculate contributions to the one-loop renormalization in the spinor sector of the minimal
Lorentz-violating extended QED in the second order in Lorentz-breaking parameters. From the
renormalizability viewpoint, we show that the inclusion of some of the Lorentz-breaking terms in
the model is linked to the presence of others. We also demonstrate that the Ward identities are
satisfied up to this order.
I. INTRODUCTION
Nowadays, there is a consensus that the Standard Model of elementary particles is a low energy effective theory
for a more fundamental model. The search for this fundamental theory encompasses the study of standard model
extensions that show physical meaning and whose low energy limits respect the known experimental results. The
Standard Model Extension (SME) [1], in its minimal version, is obtained by adding, to the minimal Standard Model,
all possible Lorentz-breaking terms that could emerge from spontaneous symmetry breaking at very high energy,
which incorporate constant tensors as vacuum expectation values in the process. The upper limit for the magnitude
of these background tensors must be fixed by experiments (see [2] for experimental results) and, as a consequence,
should be very tiny. The SME is to be understood as an effective description of Lorentz violation at low energy. It is
relevant that SME preserves SU(3)× SU(2)× U(1) gauge symmetry and renormalizability [3–6].
In the papers of Samuel and Kostelecky` [7], [8] the possibility of Lorentz symmetry violation was first discussed
as a natural process when the perturbative string vacuum is unstable. Latter, Carroll, Field and Jackiw presented
a first CPT- and Lorentz-violating extension of QED with the inclusion of a Chern-Simons-like term in the photon
sector [9]. The Carroll-Field-Jackiw (CFJ) model was exhaustively studied in the subsequent years, mainly concerning
its quantum induction from a CPT-odd axial term added to the fermionic part [10]. The so studied CFJ term is a
part of the extended QED, which is the subset of the minimal SME that takes care of the Lorentz-violating QED.
The extended QED is well established at the tree level and, as mentioned before, was proven to be renormalizable.
Besides, a very important subject of study is its quantum dynamics, since the inclusion of these parts in the classical
action may cause the radiative induction of new terms. Many papers were dedicated to the investigation of the
quantum corrections to the minimal extended QED action with interesting results and discussions, as in the case of
the ambiguity of the induced CFJ term. However, these discussions were held almost always up to the first order in
the Lorentz-breaking parameters.
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2Actually, this focus in the first order correction in the background tensors is justified by the fact that the extended
QED corrections to the known results should be very small, so that they can be encompassed by the current ex-
perimental error. It is also true, however, that the first order corrections in some of these parameters are null. In
these cases, one must pay attention to the lowest-order non-null correction. It is also to be verified the nature of
the null corrections: do they vanish just eventually in that order or is there some underlying deeper reason? In [11],
the one-loop corrections to the photon sector of the extended QED at second order in the background tensors were
calculated. It was possible to argue that some of the parameters do not induce quantum corrections at all, while others
contribute depending on the order of calculation. It is interesting, for example, to note the cases of the vector eµ and
the axial vector fµ, which do not contribute in the first order calculation. The one-loop second-order calculations
in eµ and fµ, however, give divergent contributions both to the Maxwell and the CPT-even aether terms. This has
relevant implications for the renormalization of extended QED. A first-order one-loop calculation that included only
the Lorentz-violating terms with eµ and fµ might lead us to conclude that the presence in action of an aether-like
term is unnecessary. When the second-order results are considered, we see that the aether term must be introduced
in the action from the beginning.
This is a compelling observation towards a more complete study of the one-loop renormalization of the extended
QED. In the present paper we carry out the renormalization of the fermionic sector of the model up to the second
order in Lorentz-violating parameters and investigate the role of the different background tensors in the beta-functions.
The paper is divided as follows: in section II, we present the model and discuss the previous results; in section III,
we perform the calculation of the fermion self-energy and the vertex correction and check the Ward identities; the
beta-functions are calculated in section IV; we discuss our results and present our conclusions in section V.
II. THE MODEL AND GENERAL DISCUSSION ON RENORMALIZATION AT ONE-LOOP ORDER
The minimal Lorentz-breaking extended QED, in its most general and renormalizable form, is described by the
following classical Lagrangian density [3]:
L = ψ¯(iΓνDν −M)ψ −
1
4
FµνF
µν −
1
4
κµνλρF
µνFλρ +
1
2
εµνλρ(kAF )
µAνFλρ, (1)
in which
Γν = γν + cµνγµ + d
µνγµγ5 + e
ν + ifνγ5 +
1
2
gλµνσλµ (2)
and
M = m+ im5γ5 + aµγ
µ + bµγ
µγ5 +
1
2
Hµνσµν . (3)
The covariant derivative is given by Dµ = ∂µ + iqAµ, with q the coupling constant. The constant tensors (or
pseudotensors) κµνλρ, (kAF )
µ, aµ, bµ, cµν , dµν , eµ, fµ, gλµν and Hµν are responsible for the Lorentz-symmetry
violation. Concerning cµν and dµν , here they are treated as symmetric and traceless tensors. The null trace is
justified by the fact that the tensors can be redefined so as the traces are absorbed in the Lorentz-invariant part. The
simplification of considering cµν and dµν symmetric is based on the hypothesis that only these parts of the tensors
contribute to physical results. As for the tensor gµνα, it is antisymmetric in the two first indices. Here, for simplicity,
we use a particular form of gµνλ, given by the completely antisymmetric tensor gµνλ = εµνλρhρ. The a
µ vector can
be eliminated from the action by a suitable redefinition of the fields. All these considerations about the background
tensors were discussed in [12], in which it was shown that some parameters can be removed from the Lagrangian by
using an appropriate redefinition of the spinor field components.
In [11], this model was used to study the one-loop second-order contribution in these parameters to the photon
two-point function. We proceed now to the definition of the renormalization and normalization conditions in the
model for the purpose of performing an investigation of its second-order one-loop quantum corrections to the fermion
two-point function and to the interaction term (three-point function). We write below the Lagrangian for the quantum
model, in which the renormalization constants were introduced,
L = −
Z3
4
FµνF
µν −
Z3
4
(Zκ)
µναβ
ρσλθ κµναβF
ρσFλθ + Z2ψ¯iγ
µ∂µψ − Z2Zmmψ¯ψ − Z1qψ¯γ
µψAµ
+ iZ2ψ¯
[
(Zc)
νµ
αβ c
αβγν + (Zd)
νµ
αβ d
αβγ5γν + (Ze)
ν
α e
α + i (Zf)
µ
α
fαγ5 +
1
2
(Zg)
λνµ
αβγ
gαβγσλν
]
∂µψ
− Z1qψ¯
[
(Zc)
νµ
αβ c
αβγν + (Zd)
νµ
αβ d
αβγ5γν + (Ze)
ν
α e
α + i (Zf )
µ
α
fαγ5 +
1
2
(Zg)
λνµ
αβγ
gαβγσλν
]
ψAµ, (4)
3Note that the Lorentz-violating (LV) parameters ofM are not being considered here. We are restricting our analysis
to the parameters contained in Γµ and to the κµναβ tensor of the CPT-even term of the gauge sector. The latter
is necessary, as it receives divergent contributions from several of the Γµ parameters, as shown in [11]. Besides, it
contributes to the beta-function of the parameter cµν already at first order [3]. Note also that, in principle, we do
not assume any relationship between the renormalization constants from the Ward identities, such as f.e. Z1 = Z2.
We have left for the next section the explicit verification of this identity at one-loop and up to second-order in the
Lorentz-violating parameters. We define the counterterm Lagrangian by
Lct = −
δ3
4
FµνF
µν −
1
4
(δκ)
µναβ
ρσλθ κµναβF
ρσFλθ + δ2iγ
µψ¯∂µψ − δmmψ¯ψ − δ1q
(
ψ¯γµψ
)
Aµ
+ iψ¯
[
(δc)
νµ
αβ c
αβγν + (δd)
νµ
αβ d
αβγ5γν + (δe)
µ
α e
α + i (δf )
µ
α
fαγ5 +
1
2
(δg)
λνµ
αβγ
gαβγσλν
]
∂µψ
− qψ¯
[(
δc
)νµ
αβ
cαβγν +
(
δd
)νµ
αβ
dαβγ5γν +
(
δe
)µ
α
eα + i
(
δf
)µ
α
fαγ5 +
1
2
(
δg
)λνµ
αβγ
gαβγσλν
]
ψAµ, (5)
where
δ1 = Z1 − 1, δ2 = Z2 − 1, δ3 = Z3 − 1, δm = Zm − 1,
(δc)
νµ
αβ = Z2 (Zc)
νµ
αβ − δ
ν
αδ
µ
β , (δd)
νµ
αβ = Z2 (Zd)
νµ
αβ − δ
ν
αδ
µ
β , (δe)
µ
α = Z2 (Ze)
ν
α − δ
ν
α,
(δf )
µ
α
= Z2 (Zf)
ν
α
− δνα, (δg)
λνµ
αβγ
= Z2 (Zg)
λνµ
αβγ
− δλαδ
ν
βδ
µ
γ ,
(
δc
)νµ
αβ
= Z1 (Zc)
νµ
αβ − δ
ν
αδ
µ
β ,
(
δd
)νµ
αβ
= Z1 (Zd)
νµ
αβ − δ
ν
αδ
µ
β ,
(
δe
)µ
α
= Z1 (Ze)
ν
α − δ
ν
α,
(
δf
)µ
α
= Z1 (Zf )
ν
α
− δνα and
(
δg
)λνµ
αβγ
= Z1 (Zg)
λνµ
αβγ
− δλαδ
ν
βδ
µ
γ .
The Ward identity, if respected, will set Z1 = Z2 and (δx)
J = (δx)
J , in which x represents the Lorentz-breaking
parameter and J indicates the appropriated set of Lorentz indices.
We write below in this section the general expressions for the fermion two-point function and vertex correction
and let for subsequent sections the explicit results. The renormalized two-point function of the fermion field can be
written as
iΣR(p) = iΣ(p) + iΣct(p), (6)
in which iΣ(p) has the general form
iΣ(p) = Ilog(λ
2)
{
Aψ✁p+Amm+A
µ
e pµ + iA
µ
fγ5pµ +A
µν
c γµpν +A
µν
d γ5γµpν +
1
2
Aαβµg σαβpµ
}
(7)
and iΣct(p) is the contribution from the counterterms. The coefficients A
J
x , at one-loop order, are given by
AJx =
{
(ρ0)
J
x + (ρ1)
J
x + (ρ2)
J
x + · · ·
}
q2, (8)
where (ρi)
J
x is the term of A
J
x of i-th order in the parameters (x
J1
1 , x
J2
2 · · · ). Here we are using the notation of Implicit
Regularization [13],
Ilog(λ
2) =
∫ Λ d4k
(2π)4
1
(k2 − λ2)2
, (9)
for the logarithmic divergence, in which we assume the presence of a regularization, indicated by the superscript Λ,
and λ2 is a mass parameter which can be introduced by means of the scale relation
Ilog(λ
2) = Ilog(m
2)−
i
16π2
ln
(
λ2
m2
)
. (10)
4Up to second order in the parameters xJi , we have
iΣ(p) = iΣ(0)(p) + iΣ(1)(p) + iΣ(2)(p), (11)
whose contributions can be extracted from the expansion up to second order in the parameters of a unique graphic
with vertices −iqΓµ and the modified propagators for the fermion and the photon. Alternatively, the terms with
the background tensors can be treated as vertices which are inserted in the graphs. For example, the second-order
fermion two-point function is obtained after the summation of the Feynman diagrams of Fig. 1. The counterterms
that cancel the logarithmic divergences in (7) are contained in iΣct(p), which is built from (5) and reads
iΣct(p) = iδ2✁p− iδm + i (δe)
µ
α e
αpµ − (δf )
µ
α
fαγ5pµ + i (δc)
νµ
αβ c
αβγµpν + i (δd)
νµ
αβ d
αβγ5γνpµ
+
i
2
(δg)
λνµ
αβγ
gαβγσλν (12)
The renormalized vertex correction at the one-loop order is written as
− iqΛµR = −iqΛ
µ − iqΛµct. (13)
The first term, −iqΛµ, on the right-hand-side of the equation above, has the general form
− iqΛµ = Ilog(m
2)
{
Bψγ
µ +Bµe + iB
µ
f γ5 +B
νµ
c γν +B
νµ
d γ5γν +
1
2
Bλνµg σλν
}
(14)
and, from (5), the amplitude for the counterterms, −iqΛµct, is given by
− iqΛµct = −iq
(
δqγ
µ +
(
δe
)µ
α
eα + i
(
δf
)µ
α
fαγ5 +
(
δc
)νµ
αβ
cαβγν +
(
δd
)νµ
αβ
dαβγ5γν +
1
2
(
δg
)λνµ
αβγ
gαβγσλν
)
. (15)
The coefficients BJx , at one-loop order, are given by
BJx =
{
(σ0)
J
x + (σ1)
J
x + (σ2)
J
x + · · ·
}
q3, (16)
in which (σi)
J
x is the term of B
J
x of i-th order in the parameters (x
J1
1 , x
J2
2 · · · ). Up to second order in the Lorentz-
breaking parameters, we have
− iqΛµ(p, p
′) = −iqΛ(0)µ (p, p
′)− iqΛ(1)µ (p, p
′)− iqΛ(2)µ (p, p
′). (17)
For example, the second-order contribution −iqΛ
(2)
µ is obtained by the calculation of the Feynman diagrams shown
in Fig. 2. The coefficients AJx and B
J
x must be such that the Ward identity
(p− p′)λΛ
λ
1loop = Σ1loop(p)− Σ1loop(p
′) (18)
is respected (l = p− p′ is the momentum of the outgoing photon). In particular, from (7), (12), (14) and (15), we can
see that the renormalization constants Z1 and Z2, if we adopt a subtraction scheme that cancels only the Ilog(λ
2)’s,
are given by
Z1 = 1− iBψq
−1Ilog(λ
2) and Z2 = 1 + iAψIlog(λ
2). (19)
As we shall see in the next section, the explicit calculation of the diagrams will give us the expected result
Aψ = −q
−1Bψ , (20)
so that we have that, up to the second-order in the parameters, the identity Z1 = Z2 still holds in the minimal
Lorentz-violating extension of QED. We also obtain, for the other renormalization constants,
Z2(Zx)
J
J′x
J′ = xJ + iAJxIlog(λ
2) (21)
and
Z1(Zx)
J
J′x
J′ = xJ − iq−1BJx Ilog(λ
2). (22)
From the equations above, we have the conditions
AJx = −q
−1BJx . (23)
In the next section, we present the explicit calculations of the divergent parts of the fermion self-energy and the
vertex correction, as well as we exhibit the results for the vacuum polarization tensor.
5III. TWO- AND THREE-POINT FUNCTIONS
In this section we will present explicit results for the amplitudes given by the summation of the diagrams in Figs. 1
and 2 (two- and three-point functions, respectively). The gauge field propagator in the Feynman gauge, represented
by the wavy lines, and the fermion propagator, drawn with solid lines in the diagrams, are given, respectively, by
∆µν0 (p) = −
iηµν
p2
(24)
and
S0(p) =
i
✁p−m
, (25)
in which the subscript “0” is to indicate the zeroth-order contribution in the Lorentz-violating parameters and the
adopted metric is ηµν = (1,−1,−1,−1). Since we are treating perturbatively the background tensors, they will appear
as vertices in the Feynman diagrams. So, a cross appearing in the diagrams stands for
ipµΓ
µ
1 (26)
in the bilinear ψ¯ψ vertex,
− iqΓµ1 (27)
in the trilinear vertex ψ¯ψAµ and
− 2ipαpβκ
αµβν (28)
in the bilinear AµAν vertex. Besides,
Γν1 = c
µνγµ + d
µνγµγ5 + e
ν + ifνγ5 +
1
2
gλµνσλµ (29)
is the Lorentz-violating part of Γµ.
With the help of the Feynman rules (24)-(28), we calculate all the divergent diagrams which contribute at the second
order in the parameters cµν , dµν , eµ, fµ and gµνρ to the fermion two-point function and to the vertex correction in
the extended QED.
A. Self-energy of ψ
Let us first consider the corrections at second order in the parameters. We have contributions with insertions of Γ1
both in the fermion line and in the vertex ψ¯Aµψ, whereas the tensor κ
µναβ in inserted only in the photon propagator.
The diagrams which contribute are displayed in Fig. 1, and the corresponding amplitudes are given below:
FIG. 1: Diagrammatic representation of the two-point function at second-order in the Lorentz-violating parameters. The wavy
and solid lines represent the photon and fermion propagators and the crosses indicate the insertions.
6iΣ
(2)
1 (p) = q
2
∫
d4l
(2π)4
(p− l)αγ
µ(✁p− ✄l +m)Γ
α
1 (✁p− ✄l +m)Γ1µ
l2 [(p− l)2 −m2]
2 ;
iΣ
(2)
2 (p) = q
2
∫
d4l
(2π)4
(p− l)αΓ
µ
1 (✁p− ✄l +m)Γ
α
1 (✁p− ✄l +m)γµ
l2 [(p− l)2 −m2]
2 ;
iΣ
(2)
3 (p) = −q
2
∫
d4l
(2π)4
(p− l)α(p− l)βγ
µ(✁p− ✄l +m)Γ
α
1 (✁p− ✄l +m)Γ
β
1 (✁p− ✄l +m)γµ
l2 [(p− l)2 −m2]
3 ;
iΣ
(2)
4 (p) = −q
2
∫
d4l
(2π)4
Γµ1 (✁p− ✄l +m)Γ1µ
l2 [(p− l)2 −m2]
,
iΣ
(2)
5 (p) = −4q
2κλαδβκτσθβ
∫
d4l
(2π)4
γα(✁p− ✄l +m)γσlλlδlθlτ
l6 [(p− l)2 −m2]
,
iΣ
(2)
6 (p) = 2q
2κµανβ
∫
d4l
(2π)4
γν(✁p− ✄l +m)Γ1µlαlβ
l4 [(p− l)2 −m2]
,
iΣ
(2)
7 (p) = 2q
2κµανβ
∫
d4l
(2π)4
Γ1ν(✁p− ✄l +m)γµlαlβ
l4 [(p− l)2 −m2]
,
iΣ
(2)
8 (p) = −2q
2κµανβ
∫
d4l
(2π)4
(p− k)ργν(✁p− ✄l +m)Γ
ρ
1(✁p− ✄l +m)γµlαlβ
l4 [(p− l)2 −m2]
2 . (30)
After the calculation of the Feynman integrals, we obtain the divergent second-order contributions as
iΣ(2e)(p) = −
1
3
q2Ilog(λ
2)
{
e2 (✁p+ 9m)− 4✁e(e · p)
}
; (31)
iΣ(2f)(p) = −
1
3
q2Ilog(λ
2)
{
f2✁p− 4✁f(f · p)
}
; (32)
iΣ(2h)(p) = −
1
3
q2Ilog(λ
2)
{
h2 (✁p+ 9m)− 4✁h(h · p)
}
; (33)
iΣ(2c)(p) =
1
6
q2Ilog(λ
2)
{
− 8mcµνc
µν + 3cµνc
µν
✁p− 12cµσc
σ
νp
µγν
}
; (34)
iΣ(2d)(p) =
1
6
q2Ilog(λ
2)
{
16mdµνd
µν + 3dµνd
µν
✁p− 12dµσd
σ
νp
µγν
}
; (35)
iΣ(2κ)(p) = −
1
24
q2Ilog(λ
2)κλαδβκτσθβ
{
[(−3✁p+ 4m)ηασ + 6γαpσ] η(λδηθτ)
+ηασp(λγδηθτ)
}
, (36)
in which the indices limited by parentheses must be exchanged symmetrically without the factor 1/n!. With the results
above, discarding for awhile the crossed terms, we obtain the total divergent part of the second-order correction to
the fermion self-energy:
iΣ(2)(p) = iΣ(2c)(p) + iΣ(2d)(p) + iΣ(2e) + iΣ(2f)(p) + iΣ(2g)(p) + iΣ(2κ)(p). (37)
The zeroth and first-order divergent corrections are given by
iΣ(0)(p) = q2Ilog(λ
2) (✁p− 4m) (38)
and
iΣ(1)(p) =
1
6
q2Ilog(λ
2)
{
6eµ (pµ − 3mγµ) + 6i(f · p)γ5 − 10c
νµγνpµ − 10d
νµγνγ5pµ (39)
+3iελβραhαγλγβ (pρ −mγρ) + 8γαpβκρ
βρα
}
.
7For example, the coefficient Aψ, which is needed for obtaining the renormalization constant Z2 is given by
Aψ = q
2
{
1−
1
24
(
8e2 + 8f2 + 8h2 − 12cµνc
µν − 12dµνd
µν − 3η(λδηθτ)κ
βδαλκ θ τβ α
)}
. (40)
The other coefficients are found to be
Am = −q
2
{
4 +
1
2
(
6✁e+ iε
λβραhαγλγβγρ
)
+
1
6
(
18e2 + 18h2 + 8cµνc
µν − 16dµνd
µν + η(λδηθτ)κ
βδαλκ θ τβ α
)}
, (41)
Aµνc =
1
3
q2
{(
−5cµν + 4κµθνθ
)
+
{
4eµeν + 4fµfν + 4hµhν − 6cµσcνσ − 6d
µσdνσ +G
µν(κ)
}}
, (42)
Aµe = q
2eµ, Aµf = q
2fµ, Aµνd = −
5
3
q2dµν and Aµναg = q
2gµνα, (43)
with
Gµν(κ) = −
1
4
[
3κµλδβκντθβη(λδηθτ) + 2κ
µανβκθαθβ + 4κ
µαθβκναθβ
]
. (44)
Note that the coefficients Aµe , A
µ
f , A
µν
d and A
µνα
g do not have second-order contributions.
B. Three-point vertex function ψ¯ψAµ
The one-loop Feynman diagrams that contribute to the vertex function at second-order in the Lorentz-violating
parameters are shown in Fig. 2. As for the fermion self-energy amplitudes presented before, the background tensors
are considered as vertices inserted in the diagrams, represented by crosses. The sum of the diagrams which contribute
at second-order in each one of the parameters reads
−iqΛ(2e)λ =
1
3
q3Ilog(λ
2)
{
γλe2 − 4eλ✁e
}
, (45)
−iqΛ(2f)λ =
1
3
q3Ilog(λ
2)
{
γλf2 − 4fλ✁f
}
, (46)
−iqΛ(2h)λ =
1
3
q3Ilog(λ
2)
{
γλh2 − 4hλ✁h
}
, (47)
−iqΛ(2c)λ = −
1
2
q3Ilog(λ
2)
{
γλcµνc
µν − 4γσcµλcµσ
}
, (48)
−iqΛ(2d)λ = −
1
2
q3Ilog(λ
2)
{
γλdµνd
µν − 4γσdµλdµσ
}
and (49)
−iqΛ(2κ)λ =
1
24
q3Ilog(λ
2)κγστδκθνλδ
{
ησνδ
µ
(λγθητσ) + 3 (2γσδ
µ
ν − γ
µησν) η(θλητγ)
}
, (50)
while the total second-order one-loop vertex correction, excluding the crossed terms, is written as the sum
− iqΛ(2)µ = −iq
(
Λ(2c)µ + Λ
(2d)
µ + Λ
(2e)
µ + Λ
(2f)
µ + Λ
(2g)
µ + Λ
(2κ)
µ
)
. (51)
We also need the zero-th and first order contributions, given by
− iqΛ(0)µ = −q
3Ilog(λ
2)γµ (52)
and
− iqΛ(1)µ =
1
6
q3Ilog(λ
2)
{
−6eµ − 6ifµγ5 + 10cρµγ
ρ + 10dρµγ
ργ5 − 3iεσβµαh
αγσγβ − 8κθµ σθ γσ
}
. (53)
From the above results, we obtain
Bψ = −q
3
{
1−
1
24
(
8e2 + 8f2 + 8h2 − 12cµνc
µν − 12dµνd
µν − 3η(λδηθτ)κ
βδαλκ θ τβ α
)}
(54)
8FIG. 2: Diagrammatic representation of the one-loop three-point function at second-order in the parameters. The wavy and
solid lines represent the photon and fermion propagators, respectively, and the crosses indicate the insertions of the background
tensors.
and
Bµνc = −
1
3
q3
{(
−5cµν + 4κµθνθ
)
+
{
4eµeν + 4fµfν + 4hµhν − 6cµσcνσ − 6d
µσdνσ +G
µν(κ)
}}
. (55)
The other coefficients are just of first-order:
Bµe = −q
3eµ, Bµf = −q
3fµ, Bµνd =
5
3
q3dµν and Bµναg = −q
3gµνα. (56)
All the coefficients are such that BJx = −qA
J
x , as argued in the last section as the conditions for having the Ward
identity (18) satisfied.
C. General results
There is another approach to the renormalization of extended QED that is more general and compact. Let us write
the fermionic part of the quantum Lagrangian density in the form
Lψ = iZ2ψ¯(ZΓ)
µ
νΓ
ν∂µψ − Z1qψ¯(ZΓ)
µ
νΓ
νψAµ − Z2Zmmψ¯ψ (57)
with the corresponding counterterm Lagrangian given by
Lψct = iψ¯(δΓ)
µ
νΓ
ν∂µψ − qψ¯(δ¯Γ)
µ
νΓ
νψAµ − δmmψ¯ψ, (58)
in which
(δΓ)
µ
ν = Z2(ZΓ)
µ
ν − δ
µ
ν and (δ¯Γ)
µ
ν = Z1(ZΓ)
µ
ν − δ
µ
ν . (59)
The fermion self-energy and the three-point function will then be written as
iΣ(p) = Ilog(λ
2) (AµΓpµ +Amm) (60)
9and
− iqΛµ = Ilog(λ
2)BµΓ . (61)
It is possible to carry out the calculations of the divergent part of the graphs without explicit form of Γµ1 . For the
four first and the last three graphs of Figure 1, one obtains, respectively,
iΣ
(2)
1−4(p) =
q2
96
Ilog(λ
2)
[
8p(µηνρ)
(
Γα1 γ
ρ{Γµ1 , γ
ν}γα + γαγ
ρ{Γµ1 , γ
ν}Γα1 + γ
αΓρ1{Γ
µ
1 , γ
ν}γα + γ
αγρΓµ1Γ
ν
1γα
)
+
−p(µηνρησθ)γ
αγθ{Γµ1 , γ
ν}{Γρ1, γ
σ}γα − 48pµ (Γ
α
1 γ
µΓ1α + Γ
α
1Γ
µ
1γα + γ
αΓµ1Γ1α)
+4m
[
6
(
Γα1 {Γ
µ
1 , γµ}γα + γ
α{Γµ1 , γµ}Γ1α + γ
αΓµ1Γ1µγα
)
− 24Γα1Γ1α − γ
α{Γµ1 , γ
ν}{Γρ1, γ
σ}γαη(µνηρσ)
]]
(62)
and
iΣ
(2)
6−8(p) =
q2
48
Ilog(λ
2)κθατβ
[
8Γ1β
[
3(✁p+m)ηθτ − 2γ
ρp(θητρ)
]
γα + 8γβ
[
3(✁p+m)ηθτ − 2γ
ρp(θητρ)
]
Γ1α
+γβγ
ρ{Γµ1 , γ
ν}γα
[
3pση(µνηθτηρσ) + 4pθη(τµηνρ) + 4pτη(θµηνρ)
]
+ 4mγβ{Γ
µ
1 , γ
ν}γαη(µνηθτ)
]
, (63)
in which {A,B} stands for the anticommutation of the matrices A and B. The result for the fifth graph is the one of
equation (36). In the first-order, we have
iΣ(1)(p) =
q2
12
[
p(µηνρ)γ
αγρ{Γµ1 , γ
ν}γα − 6pµ (−γ
µγαΓ
α
1 − Γ
α
1 γαγ
µ + γα{Γµ1 , γα})
+3m [γα{Γµ1 , γµ}γα − 4{Γ
µ
1 , γµ}] + 16γαpβκρ
βρα
]
. (64)
Collecting the results above, we obtain, for the coefficient AµΓ, up to the second order in the parameters
AµΓ = (γ
µ + ρµ1 + ρ
µ
2 )q
2, (65)
with
ρµ1 =
1
12
[
δµ(θηνρ)γ
αγρ{Γµ1 , γ
ν}γα + 6
(
γµγαΓ
α
1 + Γ
α
1 γαγ
µ − γα{Γµ1 , γα}
)
+ 16γακρ
µρα
]
(66)
and
ρµ2 =
1
96
[
8δµ(βηνρ)
(
Γα1 γ
ρ{Γµ1 , γ
ν}γα + γαγ
ρ{Γµ1 , γ
ν}Γα1 + γ
αΓρ1{Γ
µ
1 , γ
ν}γα + γ
αγρΓµ1Γ
ν
1γα
)
+
−δµ(βηνρησθ)γ
αγθ{Γµ1 , γ
ν}{Γρ1, γ
σ}γα − 48 (Γ
α
1 γ
µΓ1α + Γ
α
1Γ
µ
1γα + γ
αΓµ1Γ1α) +
+2κθατβ
[
8
(
3(Γ1βγ
µγα + γαγ
µΓ1β)ηθτ − 2(Γ1βγ
ργα + γαγ
ρΓ1β)δ
µ
(θητρ)
)
+γβγ
ρ{Γλ1 , γ
ν}γα
(
3ηµση(λνηθτηρσ) + 4δ
µ
θ η(τληνρ) + 4δ
µ
τ η(θληνρ)
)
−4κγστδκθνλδ
(
ησνδ
µ
(λγθητσ) + 3 (2γσδ
µ
ν − γ
µησν) η(θλητγ)
)]]
. (67)
The calculations for −iqΛµ are so that BµΓ = −qA
µ
Γ and (δ)
µ
ν = (δ¯)
µ
ν , as required by the Ward Identity of equation
(18). In the next section, we carry out the study of the beta-functions for the model, based in the above results.
IV. BETA FUNCTIONS
In this section, we intend to study the beta-functions associated with the Lorentz-violating parameters. First, we
present the general procedure to be adopted. The relationship between a bare (left-hand side) and a renormalized
(right-hand side) coupling constant in the minimal extended QED is written as follows:
xJB = (Zx)
J
J′x
J′ , (68)
10
in which xJB and (Zx)
J
J′ stand for
xJB = {c
µν
B ; d
µν
B ; e
µ
B ; f
µ
B ; g
µνρ
B } (69)
and
(Zx)
J
J′x
J′ =
{
(Zc)
νµ
αβ c
αβ ; (Zd)
νµ
αβ d
αβ ; (Ze)
ν
α e
α ; (Zf )
ν
α
fα ; (Zg)
λνµ
αβγ
gαβγ
}
. (70)
Above, J and J ′ represent the free Lorentz indices associated with each one of the elements in the sets. The beta-
function for the couplings are defined by
βJx = 2λ
2 dx
J
d(λ2)
, (71)
where λ is the renomalization group scale, which is represented by the argument of the basic divergence Ilog(λ
2)
defined in section II. The renormalization constant (Zx)
J
J′ can be obtained, using the definitions of equation (7), by
ZxZ2x = x+ iAxIlog(λ
2), (72)
with
Z2 = 1 + iAψIlog(λ
2), (73)
in which we omit the J indices for simplicity. The one-loop coefficients Ax are represented as series in the Lorentz-
breaking parameters. We write
Aψ = (α0 + α1 + α2 + · · · )q
2 and Ax = {ρx0 + ρx1 + ρx2 + · · · } q
2, (74)
in which, αi and ρxi are of i-th order in the Lorentz-violating parameters. So, we have
xB = Zxx =
{
1− iAψIlog(λ
2)
} {
x+ iAxIlog(λ
2)
}
= x+ i {[ρx1 − xα0] + [ρx2 − xα1]} q
2Ilog(λ
2) + · · · (75)
up to the order q2x2. We then apply 2λ2 d
dλ2
in both sides of the equation above to find
βJx = −
1
8π2
{
(ρJx1 − x
Jα0) + (ρ
J
x2 − x
Jα1)
}
. (76)
Let us then calculate the specific results for the beta-functions. In the last section, we obtained the expressions
displayed in equations (40)-(43), up to second order in the Lorentz-violating parameters, for the coefficients AJx .
It is to be noted that, among the Lorentz-breaking parameters, only cµν has contributions of second-order to the
corresponding Aµνc . Consequently, if the crossed terms are not considered, only the beta-function for c
µν will have
a non-zero second-order contribution in the parameters. For the beta-functions, we obtain, with the use of equation
(76):
βµe = β
µ
f = β
µ
h = 0, β
µν
d =
q2
3π2
dµν ,
βµνc =
q2
12π2
{
2
(
2cµν − κµθνθ
)
+
(
3cµσcνσ + 3d
µσdνσ − 2e
µeν − 2fµfν − 2hµhν −
1
2
Gµν(κ)
)}
. (77)
The first-order result is known from [3]. The difference in our result for βµναg is due to the fact that we have
considered a case of the completely antisymmetric tensor gµνα = εµναβhβ .
The results above for the beta-functions do not take crossed terms into account. An alternative to obtain the total
second-order value for the beta-function is to use the approach developed in subsection III C and calculate
βµΓ = 2λ
2 dΓ
µ
dλ2
. (78)
We start from the following equation:
ΓµB = (ZΓ)
µ
νΓ
ν =
{
1− iAψIlog(λ
2)
}{
Γµ + iAµΓIlog(λ
2)
}
= Γµ + i(AµΓ −AψΓ
µ)Ilog(λ
2)
= Γµ + i {γµ + (ρµ1 − Γ
µα0) + (ρ
µ
2 − Γ
µα1)} q
2Ilog(λ
2), (79)
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with ρµ1 and ρ
µ
2 given by equations (66) and (67), respectively. If now we apply the operator 2λ
2d/dλ2 in both sides
of the above equation, and take in consideration that α0 = 1 and α1 = 0, we get
βµΓ = −
1
8π2
{(ρµ1 − Γ
µ) + ρµ2} . (80)
With the equation above, we can get all the crossed terms. Noting that AµΓ = A
µ
Γ1
+Aψγ
µ, such that
ρµi = ρ˜
µ
i + αiγ
µ, (81)
with ρ˜µi the coefficients of the expansion of AΓ1 , all the beta-functions discussed before can be recovered by means of
the following decomposition:
βµΓ −
1
8π2
α2γ
µ = βµe + iβ
µγ5 + β
µν
c γν + β
µν
d γ5γν +
1
2
βαβµg σαβ . (82)
The second-order result brings us new conclusions. The inclusion of some of the Lorentz-breaking terms is linked
to the presence of others. For example, a model with terms involving eµ, fµ, gµνα or κµναβ and without the cµν term
is inconsistent from the renormalizability viewpoint, since the cµν term receives divergent contributions from other
terms. This conclusion is also valid for the Lorentz-violating CPT-even term in the photon sector: it is needed if one
includes at least one of the terms in eµ, fµ, gµνα and cµν . As the explicit results for the crossed terms shown in the
Appendix B make evident, it all the parameters receive divergent contributions at second-order.
V. CONCLUSION
We carried out a study of the one-loop corrections to the minimal extended QED up to second-order in the Lorentz-
violating parameters. At first glance, such an investigation might seem unnecessary, considering the very low upper
limit for the magnitude of such background vectors imposed by experimental results. This is the reason why almost
all articles devoted to the Standard Model Extension are focused on the study of first-order quantum corrections
effects. However, as pointed out in the introduction, there are some subtleties, which were clarified in the present
paper, that, in a way, suggest some care in the understanding of the model as a whole.
First of all, the first order corrections in some of these parameters are null. In these cases, it is advisable to take
a look at the lowest-order non null correction. In a previous paper [11], the second-order one-loop corrections to the
photon sector of the extended QED where studied, including finite parts. It was shown that some of the parameters
do not cause quantum inductions in the photon sector at all, whereas others contribute depending on the order of
calculation. In that study, it is instructive the cases of the parameters eµ and fµ, which do not contribute in the
first order calculation. At the second order, however, eµ and fµ furnish divergent amplitudes that affect both the
Maxwell and the Lorentz-violating CPT-even (also called here aether) terms.
In this paper, we went deeper in the analysis of the model up to second order contributions. It is meaningful
that various of the background tensors are linked to each other. When someone selects a single term to formulate a
simplified Lorentz-breaking extension of QED, for example, it will likely also be necessary to include, for consistency,
one or more other terms. And that view can be limited by an analysis that takes into account only first-order
corrections.
The second-order results obtained in the present paper enforce the previous conclusions. As we already noted
above, a model with terms proportional to eµ, fµ or gµνα but without that one proportional to cµν is inconsistent,
since the cµν term receives divergent contributions depending on eµ, fµ or gµνα. This conclusion is also valid for the
Lorentz-violating CPT-even term in the photon sector: it is needed if one includes at least one of the terms involving
eµ, fµ, gµνα and cµν . Our calculation of the beta-functions also demonstrates how these parameters are connected.
Besides, the preliminary calculations of the crossed terms show that even more connections can be found, mainly if
higher-order corrections are considered. A more complete study of these mixed terms is left for future studies.
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Appendix A: Feynman integrals for the vertex quantum corrections
Λ
(2)µ
1 = −q
3
∫
d4k
(2π)4
γα(✁p
′ − ✁k +m)Γ
µ
1 (✁p− ✁k +m)Γ1α
k2 [(p′ − k)2 −m2] [(p− k)2 −m2]
; (83)
Λ
(2)µ
2 = −q
3
∫
d4k
(2π)4
Γα1 (✁p
′ − ✁k +m)Γ
µ
1 (✁p− ✁k +m)γα
k2 [(p′ − k)2 −m2] [(p− k)2 −m2]
; (84)
Λ
(2)µ
3 = q
3
∫
d4k
(2π)4
(p− k)ργ
α(✁p
′ − ✁k +m)Γ
µ
1 (✁p− ✁k +m)Γ
ρ
1(✁p− ✁k +m)γα
k2 [(p′ − k)2 −m2] [(p− k)2 −m2]2
; (85)
Λ
(2)µ
4 = q
3
∫
d4k
(2π)4
(p′ − k)ργ
α(✁p
′ − ✁k +m)Γ
ρ
1(✁p
′ − ✁k +m)Γ
µ
1 (✁p− ✁k +m)γα
k2 [(p′ − k)2 −m2]
2
[(p− k)2 −m2]
; (86)
Λ
(2)µ
5 = −q
3
∫
d4k
(2π)4
(p′ − k)ρ(p− k)σγ
α(✁p
′ − ✁k +m)Γ
ρ
1(✁p
′ − ✁k +m)γµ(✁p− ✁k +m)Γ
σ
1 (✁p− ✁k +m)γα
k2 [(p′ − k)2 −m2]2 [(p− k)2 −m2]2
; (87)
Λ
(2)µ
6 = q
3
∫
d4k
(2π)4
(p− k)ρΓ
α
1 (✁p
′ − ✁k +m)γµ(✁p− ✁k +m)Γ
ρ
1(✁p− ✁k +m)γα
k2 [(p′ − k)2 −m2] [(p− k)2 −m2]
2 ; (88)
Λ
(2)µ
7 = q
3
∫
d4k
(2π)4
(p′ − k)ργ
α(✁p
′ − ✁k +m)Γ
ρ
1(✁p
′ − ✁k +m)γµ(✁p− ✁k +m)Γ1α
k2 [(p′ − k)2 −m2]2 [(p− k)2 −m2]
; (89)
Λ
(2)µ
8 = q
3
∫
d4k
(2π)4
(p′ − k)ρΓ
α
1 (✁p
′ − ✁k +m)Γ
ρ
1(✁p
′ − ✁k +m)γµ(✁p− ✁k +m)γα
k2 [(p′ − k)2 −m2]
2
[(p− k)2 −m2]
; (90)
Λ
(2)µ
9 = q
3
∫
d4k
(2π)4
(p− k)ργ
α(✁p
′ − ✁k +m)γµ(✁p− ✁k +m)Γ
ρ
1(✁p− ✁k +m)Γ1α
k2 [(p′ − k)2 −m2] [(p− k)2 −m2]2
; (91)
Λ
(2)µ
10 = −q
3
∫
d4k
(2π)4
Γα1 (✁p
′ − ✁k +m)γµ(✁p− ✁k +m)Γ1α
k2 [(p′ − k)2 −m2] [(p− k)2 −m2]
; (92)
Λ
(2)µ
11 = −q
3
∫
d4k
(2π)4
(p− k)ρ(p− k)σγ
α(✁p
′ − ✁k +m)γµ(✁p− ✁k +m)Γ
ρ
1(✁p− ✁k +m)Γ
σ
1 (✁p− ✁k +m)γα
k2 [(p′ − k)2 −m2] [(p− k)2 −m2]3
; (93)
Λ
(2)µ
12 = −q
3
∫
d4k
(2π)4
(p′ − k)ρ(p
′ − k)σγ
α(✁p
′ − ✁k +m)Γ
ρ
1(✁p
′ − ✁k +m)Γσ1 (✁p
′ − ✁k +m)γµ(✁p− ✁k +m)γα
k2 [(p′ − k)2 −m2]
3
[(p− k)2 −m2]
; (94)
Λ
(2)µ
13 = −4q
3κγσθδκθνλδ
∫
d4k
(2π)4
γσ(✁p
′ − ✁k +m)γµ(✁p− ✁k +m)γνkθkλkτkγ
k6 [(p′ − k)2 −m2] [(p− k)2 −m2]
; (95)
Λ
(2)µ
14 = 2q
3κλανβ
∫
d4k
(2π)4
γν(✁p
′ − ✁k +m)γµ(✁p− ✁k +m)Γ1λkαkβ
k4 [(p′ − k)2 −m2] [(p− k)2 −m2]
; (96)
Λ
(2)µ
15 = −2q
3κλανβ
∫
d4k
(2π)4
(p− k)ργν(✁p
′ − ✁k +m)γµ(✁p− ✁k +m)Γ
ρ
1(✁p− ✁k +m)γλkαkβ
k4 [(p′ − k)2 −m2] [(p− k)−m2]2
; (97)
Λ
(2)µ
16 = −2q
3κλανβ
∫
d4k
(2π)4
(p′ − k)ργν(✁p
′ − ✁k +m)Γ
ρ
1(✁p
′ − ✁k +m)γµ(✁p− ✁k +m)γλkαkβ
k4 [(p′ − k)2 −m2]
2
[(p− k)−m2]
; (98)
Λ
(2)µ
17 = 2q
3κλανβ
∫
d4k
(2π)4
γν(✁p
′ − ✁k +m)Γ
µ
1 (✁p− ✁k +m)γλkαkβ
k4 [(p′ − k)2 −m2] [(p− k)2 −m2]
; (99)
Λ
(2)µ
18 = 2q
3κλανβ
∫
d4k
(2π)4
Γ1ν(✁p
′ − ✁k +m)γµ(✁p− ✁k +m)γλkαkβ
k4 [(p′ − k)2 −m2] [(p− k)2 −m2]
. (100)
Appendix B: Some crossed terms contributions for two-point functions
Here, we present, for completeness, some results for the crossed terms of the two-point function (amplitudes depicted
in equation (30)):
iΣ(2ef) = −3q2imIlog(λ
2)(e · f)γ5, (101)
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iΣ(2eh) = −
1
3
iq2Ilog(λ
2)
{
2✁pǫ
αµνβγµγνeαhβ + ✁eǫ
αµνβγµγνpαhβ − ǫ
αµνβγµpαeνhβ − ǫ
µναβγµγνγαhβ(e · p)
}
, (102)
iΣ(2fh) = −
1
8
q2Ilog(λ
2)ǫµναβhβγ5
{
1
3
γµγνγα✁e✁f − 4mγµγαfν +
1
3✁
pγµγνfα − 6γµfνpα − ✁fγνγαpµ
−
1
3
γµγνγα(f · p)
}
, (103)
iΣ(2ce) = −
1
3
q2Ilog(λ
2)cµν
{
8eµpν −meµγν
}
, (104)
iΣ(2cf) = −
8
3
iq2γ5c
µνfµpν , (105)
iΣ(2de) =
1
3
q2Ilog(λ
2)dµνγ5
{
2pµeν − 5mγµeν + pµ✁eγν −
1
2
eµ✁eγν
}
, (106)
iΣ(2df) =
1
3
iq2Ilog(λ
2)dµν
{
2pµfν + pµ✁fγν − 3fν✁pγµ
}
, (107)
iΣ(2cd) = −Ilog(λ
2)γ5
{
3mcµνdµν + 2c
µαd νµ pαγν + c
µνdαµp
αγν −
11
12
cµνdµν✁p−
1
6
cµνdαν✁pγµγ
α
}
, (108)
iΣ(2eκ) = q2Ilog(λ
2)κµναβγαγνeµpβ, (109)
iΣ(2fκ) =
1
3
iq2Ilog(λ
2)κµανβγµγνfαpβ , (110)
iΣ(2hκ) =
1
2
iq2Ilog(λ
2)ǫβανσγµ
{(
mhβκµανσ + γσκλναµhβp
λ
)
+
1
4
iγµγνǫλαβσ
(
mhλγσκµανβ + hλpσκµανβ
)}
, (111)
iΣ(2cκ) =
1
3
q2Ilog(λ
2)
{
mcαβγµγνκ
µανβ + cαβ✁pκ
µανβ + 5cµαγνκ
αβµνpβ + 3cαµγνκ
µβναpβ − cαµγνκ
νβµαpβ
}
, (112)
iΣ(2dκ) =
1
3
q2Ilog(λ
2)
{
2dµνγαγ5κ
ναµβpβ +mdαµγβγνγ5κ
µανβ +
1
2
dαβ✁pγµγνγ5κ
µβνα − dµνγαγ5κ
µναβpβ
}
(113)
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